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Svllabus Dot Points - Polvnomials (ME-F2):

e uses algebraic and graphical concepts in the modelling and solving of problems involving functions and their inverses ME11-1
e manipulates algebraic expressions and graphical functions to solve problems ME11-2
e uses appropriate technology to investigate, organise and interpret information to solve problems in a range of contexts ME11-6
e communicates making comprehensive use of mathematical language, notation, diagrams and graphs ME11-7

Content:

F2.1: Remainder and factor theorems
e define a general polynomial in one variable, x, of degree n with real coefficients to be the expression: anxn + an—1xn-1 + -+ + a2x2 + alx + a0, where an =
0
o understand and use terminology relating to polynomials including degree, leading term, leading coefficient and constant term
e use division of polynomials to express Ax) in the form P(x) = A(x). Q(x) + R(x) where deg R(x) < deg A(x) and A(x) is a linear or quadratic divisor, Q(x)
the quotient and R(x) the remainder
o review the process of division with remainders for integers
o describe the process of division using the terms: dividend, divisor, quotient, remainder
e prove and apply the factor theorem and the remainder theorem for polynomials and hence solve simple polynomial equations (ACMSMO089, ACMSMO091)

F2.2: Sums and products of roots of polynomials
e solve problems using the relationships between the roots and coefficients of quadratic, cubic and quartic equations AAM
o consider quadratic, cubic and quartic equations, and derive formulae as appropriate for the sums and products of roots in terms of the coefficients
e determine the multiplicity of a root of a polynomial equation
o prove that if a polynomial equation of the form P(x) = 0 has a root of multiplicity » > 1, then P (x) = 0 has a root of multiplicity r — 1



e graph a variety of polynomials and investigate the link between the root of a polynomial equation and the zero on the graph of the related polynomial
function
o examine the sign change of the function and shape of the graph either side of roots of varying multiplicity

Lesson 1: Division of Polyvnomials

Syllabus Dot Point to cover:

e define a general polynomial in one variable, x, of degree n with real coefficients to be the expression: anxn + an—1xn—1 + -+ + a2x2 + alx + a0, where an =
0
o understand and use terminology relating to polynomials including degree, leading term, leading coefficient and constant term
e use division of polynomials to express P(x) in the form P(x) = A(x). Q(x) + R(x) where deg R(x) < deg A(x) and A(x) is a linear or quadratic divisor, Q(x)
the quotient and R(x) the remainder
o review the process of division with remainders for integers

o describe the process of division using the terms: dividend, divisor, quotient, remainder

Learning Goals:

[ ] e e e e e

N gmae—mankh—iarastoa o 1o o 1 Sr—ad-exana "

d I U UITE Ul'Vv Ul d1i1d I




Definition of a General Polynomial

The general form of a polynomial can be expressed as

term, where a is the leading coefficient, n is the degree, and a0 is the constant term.

Questions

ax™ + a,_x™t + -+ a,x% + ayx + ay, where a,, # 0

where it can be seen that the first term is the leading

1. Long division with integers

2. Division of Polynomials
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2 Use long division to perform each division. Express each result in the form P (x) = D(x) Q(x) + R(x).
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3. Understanding Remainders

4. Harder division of Polynomials




11 Ifx* — 2x3 — 20x% + mx + nis exactly divisible by x> — 5x + 2, find m and n
First attempt

5 a If the divisor of a polynomial has degree 3, what are the possible degrees of the remainder?

b On division by D (x), a polynomial has remainder R (x) of degree 2. What are the possible
degrees of D (x)?

3. \)Me(s’ﬂm\m V&W\o\\ndm

0 SWce  deg. 20 L o\w) ﬁ{;o)
Mageel (Lm z 5 e

dgqﬂg o le) co\n - 20

o S T 2 d(q mnf
~ degyee Prm>z
;. 0 of AR 'c,nf’; m % U508

&\9 x"-

f%wn
- Gy x 920
1: -(-9) £ 167 -4

— e

209
i gix 1§ -5
2

© 20t ywnlrn % actly dwisisle by WAy
Cfnd o & N

CARI &

Q(s_*_éi"); x4 - Ix? —20x* tmxrh
:(s_‘,_;@-')\‘\‘ 1 (9"'-—;{;_‘)3 '2

-20x* 4 mxth

o [IY em (eedT) o

|
Second attempt




U, \Sww Omwn aF (’aMﬂom\a\s

*'bﬁ'l

- %ﬂ H“ -1x - 2oyt é#ﬁ?c‘?rh RN
| ot '%c”’ T2 |
B - 23t ek

, m’? \% + 6 ‘
s +x(m -6) 51

1 -’nL X w\l{w

AW IIEnEnEEEEEE
nrW=p 0w W\b X9 >Q
L] M- =0

Further Study

From watching the following videos by Eddie Woo, some key information that I’ve found include:



1. The general steps that include in division include:
a. Dividing
b. Multiplying
c. Subtracting
d. Carry down
2. When dividing a polynomial, you only need to divide by the leading term
3. In the multiplying step, although you have only divided with the leading term, you need to multiply the quotient by the whole divisor and not just the leading
term
4. The reasons as to why polynomial division is important is because:
a. It gives insight to what polynomials are doing, and why they do what they do
b. It helps with integration, and is one of the key tools that help with integration
c. Itillustrates how we as mathematicians work with non-numerical values and still be able to identify and observe trends

Video links:
@ Intro to Polynomial Division (1 of 3: Comparing to numerical division)
@ Intro to Polynomial Division (2 of 3: Basic example)

@ [ntro to Polynomial Division (3 of 3: Why is it important?)

Conclusion

From this lesson, the main thing that I’ve learnt is the reason as to why we divide polynomials, and what does it help with. This is because, as students, we learn how
we implement that concept, but don’t really understand why we learn that concept, and what it helps with. It helped me to understand that polynomial division is very
useful in aspects such as finding unknown values of pronumerals. As such, through further studying of watching Eddie Woo videos, I am now able to recognise how
polynomial division assists with key things in calculus, As a whole, this lesson has helped me realise the purpose of dividing polynomials, and how it helps with how
we understand algebra as a whole.

Lesson goals: Achieved
Syllabus Outcomes: Achieved


https://www.youtube.com/watch?v=jj1liewb6dc
https://www.youtube.com/watch?v=VKEZWA7-mDE
https://www.youtube.com/watch?v=0l0KKxVZAYo

Lesson 2: Remainder Theorem

Syllabus Dot Points:

e Prove and apply the factor theorem and the remainder theorem for polynomials and hence solve simple polynomial equations (ACMSMO089, ACMSMO091)

Learning Goals:

Definition of the Remainder Theorem

The remainder theorem states that when f(x) is divided by a (x-a), then the remainder will be f(a).

Sources: Remainder Theorem definition


https://www.google.com/search?q=what+does+the+remainder+theorem+state&rlz=1C5CHFA_enAU973AU973&oq=what+does+the+remainder+theorem+state&aqs=chrome.0.0i512l4j0i15i22i30j0i22i30l3j0i15i22i30j0i22i30.7372j0j7&sourceid=chrome&ie=UTF-8&safe=active&ssui=on

Derivation of the Remainder Theorem
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Questions

1. Understanding the correlation between polynomial division and

2. Remainder theorem in simple polynomial equations
remainder theorem




1 Without division, find the remainder when P(x) = x> — x? + 2x + 1 is divided by:

a x-—-1
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3. Harder Polynomial Questions

4. Harder Polynomial Questions
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Further Study

1. If the divisor has a degree that is larger than 1, then the remainder will be a function of x
2. The remainder theorem is a shortcut method of finding the remainder in that it helps to minimise the working out needed to find it
3. It helps to factorise polynomials, as finding out if there is a remainder will help to find what are the factors of the polynomial

Video links:
@ Remainder & Factor Theorem (1 of 3: The division transformation)
@ Remainder & Factor Theorem (2 of 3: Fully factorising a polynomial)

© Remainder & Factor Theorem (3 of 3: Determining a polynomial from remainders)

Conclusion

This lesson was more of a revision lesson, in that I was able to deepen my understanding of using the remainder theorem in harder polynomial questions, which
hence therefore allowed me to find values of unknown pronumerals. It can be seen that I made quite a few silly mistakes, in that [ was able to find out quickly, but I
have to therefore be more careful about doing the questions.

Lesson goals: Achieved
Syllabus Outcomes: Achieved


https://www.youtube.com/watch?v=k6vJA15q04o
https://www.youtube.com/watch?v=z-byWXvIlgc
https://www.youtube.com/watch?v=q_4x_tgMMtE

Lesson 3: Factor Theorem

Syllabus Dot Points:

e prove and apply the factor theorem and the remainder theorem for polynomials and hence solve simple polynomial equations (ACMSMO089, ACMSMO091)

Learning Goals:

[ Fo-derive-thefactortheorem

[ Statewhatthefactortheoremis

Definition of Factor theorem, and the difference between remainder theorem and factor theorem

The definition of the factor theorem is that if P(k) = 0, then (x-k) is a factor of P(x)



Derivation of Factor theorem

i by Monmal ol.6 100 s -k g o R

0 covf e X

00x) < pOxy: Qx| ¥ Rx):

B 0 MU yamandee fatveom, Re) =0 = p(x)
PO~ 00N « 0(R)

2 OC00) (000) =\ Pe) -0
2 () e
L@ s (L) -80K) (-l @ Rache F Pox)

Questions

1. Understanding the correlation between factor theorem and remainder
theorem

2 Without division, find which of the following are factors of F(x) = x> + 4x2 + x — 6.

a x—1

2. Understanding how factor theorem helps with Polynomial sketching

4 Factor each polynomial and sketch its graph, indicating all intercepts with the axes. Remember that any
integer zeroes are divisors of the constant term.

a Px)=x>+2x>-5x-6
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3. Questions

9 Solve these equations by first factoring the LHS.

C 6x> —5x* —12x — 4 =0

4. Questions

12 a P(x) is an odd polynomial of degree 3. It has x + 4 as a factor, and when it is divided by x — 3 the
remainder is 21. Find P (x).
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Further Study

O Using the Factor Theorem

1. When factoring polynomials, it is very hard to factorise a polynomial in the form that is P(x) = ax*3+bx*2+cx+d. It allows you to not “randomly guess”
which numbers would be a factor of the polynomial. Instead, you would use numbers that are factors of the constant term, to see if it does divide easily

It can be seen that the factors of this polynomial when multiplied give the constant term, so that means that there is a higher chance that a number that is a factor of

the constant term will become a factor of the polynomial. Using the tree diagram will allow it to find the most reoccurring factor that would give a higher chance for
something to be factor

Conclusion

This lesson overall was quite a revision lesson, although it had allowed me to explore many ways of using the factor theorem, and explore how it can be useful in
saving time during exam times.

Syllabus Outcomes: Achieved
Learning Goals: Achieved


https://www.youtube.com/watch?v=pjIeXjm2Fdk

Lesson 4: Sum and Product of Roots

Syllabus Points:

e solve problems using the relationships between the roots and coefficients of quadratic, cubic and quartic equations AAM

o consider quadratic, cubic and quartic equations, and derive formulae as appropriate for the sums and products of roots in terms of the coefficients

Learning Goals:

Derivation of Sum and Product of Roots

Quadratics
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Cubics
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Quartics
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Questions

tori To 5 a The polynomial P(x) = 2x> — 5x> — 14x + 8 has zeroes at —2 and 4. Use the sum of the zeroes
L 1 ; to find the other zero.
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12 Find the zeroes of the polynomial x* — 3x> — 8x% + 12x + 16 if they are @, 2a, ff and 25,
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Find the values of a and b for which x> — x — 20 is a factor of x* + ax® — 23x% + bx + 60, and

9 a If one of the roots of the equation x> + bx + ¢ = 0 is twice the other root, show that 25> = 9c.
then find all the zeroes. (Hint: Let the roots be a and 2a.)
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Conclusion

Through practising a number of these questions, I was able to attain a deeper understanding of the roots of polynomials, and didn’t need assistance from Eddie Woo
to explain this. I also feel more confident in these types of questions that allow me to gain some practice. Deriving each of the identities was very helpful as now I
understand why these identities arise and now just how to use them in questions.

Syllabus Outcomes: Achieved
Learning Goals: Achieved



Lesson 5: Sums and Products of Cubics and Quartics

Syllabus Points:

e solve problems using the relationships between the roots and coefficients of quadratic, cubic and quartic equations AAM

o consider quadratic, cubic and quartic equations, and derive formulae as appropriate for the sums and products of roots in terms of the coefficients

Learning Goals:

Questions
2. Functions, EXT1 F2 2012 HSC 3 MC 3. Functions, EXT1'F2 2012 HSC 5 MC 13. Functions, EXT1 F2 2021 HSC 11h

A polynomial equation has roots @, B, 7 where The equation 2z° — 32% — 62 — 1 = 0 has roots e Band . The roots of 2% — 3z +6 = 0 are @, B,yand &

What is th 1
a+ﬂ+7= -2 aﬂ+or7+ﬁ'y= 3 C!ﬂ‘7= 1 Whatls the value of gl ’ What is the value of l +l + l +%“ (2 marks)

Which polynomial equation has the roots @, ﬂ and 7? @ 1 « B 7

®) z* +22* +3z+1=0 Y

® 2*+22% +32-1=0 ®-3

© «* -2 +3c+1=0 ©8
(D) —8

© 2 -2z +3z-1=0
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14. Functions, EXT1 F2 2013 HSC 11a

The polynomial equation 22% — 322 — 11z + 7 = 0 has roots a, B and «.

Find afy. (1 mark)

20. Functions, EXT1 F2 SM-Bank 2

The polynomial P(z) = & — 22? + kz + 24 hasroots a, B, 7.
i. Find the value of @ + B+ 4. (1 mark)
ii. Find the value of afy. (1 mark)

jii. It is known that two of the roots are equal in magnitude but opposite in sign.
Find the third root and hence find the value of k. (2 marks)

25. Functions, EXT1' F2 2009 HSC 3¢
Let P(z) = 2 + az? + bz + 5 where @ and b are real numbers

Find the values of @ and b given that (2 — 1)2 isafactorof P(2). (3marks)
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Conclusion

This lesson was very insightful because it had allowed me to explore how calculus can help with understanding polynomials, and how these past hsc exams indeed
help in aiding how one approaches a question. This lesson had taught me a lot about exam techniques, approach and how to link other concepts from other topics of
maths to answer a question.

Syllabus Outcomes: achieved
Learning Goal: Achieved



Lesson 6: Multiplicity of Roots

Syllabus Dot Points:

e determine the multiplicity of a root of a polynomial equation
o prove that if a polynomial equation of the form A(x) = 0 has a root of multiplicity r > 1, then P’ (x) = 0 has a root of multiplicity r — 1
e graph a variety of polynomials and investigate the link between the root of a polynomial equation and the zero on the graph of the related polynomial
function

o examine the sign change of the function and shape of the graph either side of roots of varying multiplicity

Learning Goals:

[ Enderstand-whatthe-multipheityof rootstelsts
[ et e e e e b
[ Graphfunetionswith-ditferentmuktipheities



Questions

1 Consider the polynomial P(x) = x> — 4x* — 3x + 18.
a i Show that P(3) and P'(3) are both zero.
il What can be deduced from the results in part i ?
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Sketch of this polynomial
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a i Show that P(—1), P'(—1) and P"(—1) are all zero.
il What can be deduced from the results in part i ?

2 Consider the polynomial P(x) = x* + 8x> + 18x> + 16x + 5.

Sketch of this polynomial
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Further Insight
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These images show how the derivative and how the multiplicity of roots are connected and applied, which then deepens my understanding of polynomials and
derivatives and how it can help with understanding the multiplicity of roots.

Conclusion

This lesson was a very insightful lesson that helped me connect my knowledge about calculus with polynomials in a way that was very helpful to visualise through
the help of desmos. It can be seen that the multiplicity of roots depends on the derivative of the function, and essentially how many times that point passes through the
polynomial along with the derivatives

Syllabus Outcome: Achieved
Learning Goal: Achieved



Conclusion of the Journal

Therefore this journey had really helped me explore the world of maths in a different lens as it allowed me to connect ideas from different topics to broaden how
functions and polynomials behave.

Credibility

To assess the credibility of this journal, I have added important personnel that approve of this journal, and hence shows the accuracy of the information of this
journal:

-tori Today at 12:13 AM
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extension math assignment journal thing (last minute) to a royal standard H edit

Gnandalf Today at12:21 AM
| hereby dub thee as sir shashumga for cool math journal
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